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Abstract 

Inspired by an argument of Gambier, we show that the only White surface of 
having a 4-dimensional trisecant locus is the Segre polygonal surface. This allows 
us to deduce that the generic point of the principal component of the subvariety 
VFi8[5] of 18-tuples special in degree 5 of the Hilbert scheme of 18 points of the 
plane corresponds to a smooth 18-tuple of points in uniform position, not lying on 
any quartic. This refines, in this particular case, the general bound due to Coppo. 
We also give the number of trisecant lines, counted with multiplicity, which pass 
through the generic point of a White surface of non-Segre type. 
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1 Introduction 

Let S" be a smooth, non-degenerate surface of P^. In order to obtain properties 
of S, it is classical to study the generic projection of S to P^, i.e., the image S 
of S under the projection from a generic line L of P^. Let x be a point of S, we 
denote by 7r^^(x) the scheme theoretical fiber of n over x. Since tt is a generic 
projection, 7r~^ is 0-dimensional. So, the length of the fibers of tt provides a 
natural stratification of S: 

■ ■ ■ Sk+i Sk ■ ■ ■ Si = S, 

where, for all integers ^ > 1, 

S k '■= {x E S \ length{iT~^ (x)) > k} 

is the set of A;-tuple points of the projection tt. The following well-known result 
gives a stratification theorem for surfaces: the hypersurface S contains a curve 
of double points, a finite number of triple points and no quadruple points ([17] 
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p. 611-618 for this and further properties of the singularities of S). Since the 
projection is generic, over each triple point of S lie three distinct points of 
S. Unfortunately, the classical proof of this result, as for instance in Griffiths 
and Harris' book [17] p. 611-618 (or [3] chapter 9 in arbitrary dimension), is 
false. Indeed, as a corollary of the proof those three points must be in general 
position (see Dobler [9]). Equivalently, the dimension of the trisecant lines 
locus of S is at most 3. From the classical proof of the stratification theorem, 
one can also deduce the following corollary ([17] top of page 613): " among 
3-planes of meeting S at points not in general position, the generic one 
contains 4 points of 5* spanning a 2- plane, and not three colinear points" . 

Since there exist surfaces of having a 4-dimensional trisecant line locus, 
e.g. smooth special Enriques surfaces (Conte and Verra [4], Dolgatchev and 
Reider [10]) or Segre polygonal surfaces (Segre [28], Dobler [9]), the classical 
proof of the stratification theorem contains a mistake; we refer to Dobler's 
thesis [9] for a detailed discussion of this matter. Following Dobler, we wish 
to point out, that surfaces of P^ with a 4-dimensional trisecant lines locus give 
counterexamples to both corollaries of the classical proof of the stratification 
theorem for surfaces. The stratification theorem holds nonetheless; indeed, the 
results of Mather ([23] and [24]) provide a stratification theorem for generic 
projections to hypersurfaces up to dimension 14, without any indication of the 
postulation of points in the fibers over multiple points, though. 

We should point out that the existence of surfaces with a 4-dimcnsion trise- 
cant lines locus and, more generally, of embedded projective n-folds with fibers 
of unexpected postulation for a generic projection to p"+^ is the source of 
great difficulties in applying the general projection method to establish good 
Castelnuovo-Mumford regularity upper-bounds. For a discussion of the gen- 
eral projection method, see Kwak's article [21]. This problem was raised by 
Greenberg [16], who showed how to bypass this issue for smooth surfaces, in 
view of establishing Castelnuovo's regularity bound (Pinkham [26] , Lazarsfeld 
[22]). 

A dimension count suggests that the trisecant lines locus of a surface in P^ 
should be 3-dimensional; so, surfaces in P^ with a 4-dimensional trisecant lines 
locus are said to have an excess of trisecant lines. 

Very few examples of surfaces with an excess of trisecant lines are known and 
no classification has been established so far. The first example of a surface 
with an excess of trisecant lines, known as the Segre polygonal surface in the 
literature, was constructed by Segre [28] in 1924. It belongs to the family of 
White surfaces, which was constructed by White and Gambler, also in 1924 
[13,30]. A modern reference is the paper of Gimigliano [15]. 

In his thesis [9] , Dobler shows that the Segre polygonal surface is the only 
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polygonal surface with a 4-dimensional trisecant lines locus. Moreover, he 
shows that the Segre polygonal surface is a degeneration of smooth special 
Enriques surfaces in P^. These surfaces are the only smooth surfaces in 
with an excess of trisecant lines (Conte and Verra [4] , Dolgatchev and Reider 
[10]). 

Since polygonal surfaces belong to the family of White surfaces, it is natural 
to ask whether there exist other White surfaces with an excess of trisecant 
lines. 

The purpose of this work is to show that the only White surfaces in P® with an 
excess of trisecant lines are the Segre polygonal surfaces. To achieve this, we 
use a remarkable argument by Gambler [13, p. 184-186 and p. 253-256]. Most 
of this work is intended to give modern rigor to his approach. Furthermore, 
this result allows us to deduce information on the generic point of the principal 
component of W^i8[5], the subvariety of the Hilbert scheme of 18-tuples of P^ 
special in degree 5. We prove the following results. 

Theorem 1 Let S5 be a possibly singular White surface in and p a generic 
point on S5. 

(i) Through the point p there passes at least one 3-secant line, 
(a) The surface S5 has an excess of trisecant lines, if and only if S5 is a Segre 
polygonal surface. 

(Hi) If doesn't have an excess of trisecant lines, then exactly 6 trisecant lines, 
counted with multiplicity, pass through p. 

As a corollary of (i) we obtain 

Corollary 2 The generic point of the principal component of Wis[5] is a 
smooth uniform 18-tuple of points in the plane not lying on any curve of degree 
4. 



2 Notations and basic facts 

2. 1 Linear systems of plane curves of given degree with assigned base points 

Let S denote either or a surface obtained from P^ by a finite succession of 
blow-up at a single point, called cr-proccss. Let 5" denote the composition 
of these cr-processes. If 5 = P^, we set = id^2. Let L denote the linear 
equivalence class of a line in P^. A curve on S is of degree d if it is linearly 
equivalent to d(f)*L. Let us recall briefly the facts regarding hnear systems of 
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curves of degree d with assigned base points and multiplicities on S. 



Definition 3 (n-tuples of points on S) An n-tuple of points P on S is the 
data of 

(1) a sequence of distinct points on S, {p\,--- ,Pk\ (These points are the 
base points of P.) 

(2) and a sequence of non-negative integers {mi,-- - ,mfc} (These integers 
are the multiplicities of P). 

such that Yl!i=i n^i — ^• 

li n — k, we say that P consists of distinct points. Let P be a n-tuple of 
points on S. Let S ^ S, denote the blow-up of S at the base points of P. For 
i G {pi, - - - ,Pk}, let Ei denote the component of the exceptional locus of tt 
contracted to pi hy n. The curves on 5" whose strict transform by tt are linearly 
equivalent to o 7r)*(L) — I]i=i iTiiEi, form a linear system:the linear system 
of curves of degree d on S passing through P. The plane curves of this system 
are the vanishing locus of a polynomial in if°(P^,Tp|p2((i)); thus, they are 

parameterized by points of the projective space \Tp{d)\ :— P(iy°(P^,2p|p2(d))). 

If the linear system \d{(j) o n)*{L) — Yli=i n^iEi\ is base-point free, we say that 
the linear system |2p((i)| is complete. 

Recall that the virtual dimension of |Ip(rf)| is given by 

/n- d{d + 3) J^niiimi + l) 
v{Ip{d)) = 2^ . 

^ i=i ^ 

We denote by s the irregularity of the linear system \Zp{d)\ 

s := dimH\¥\lp{d)) = dim{\Ip{d)\) - Max{v{Ip{d)), -1). 

The linear system \Ip{d)\ defines a rational surface X in = \Ip{d))\^ , 
image of S by the rational map 

(1) 

q 1-^ |Xpuq(c/)|^ 

The surface X is of degree Ip{dy, the intersection number of two curves of 
the linear system \lp{d)\, and of sectional genus 7r(X) = gxp{d), the arithmetic 
genus of a curve in \Ip{d)\. 

Following Dobler, we use a non-standard definition of a trisecant line; it is not 
defined as a line meeting S along a 0-dimensional scheme of degree at least 3. 
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Definition 4 (Trisecant lines) A line I of f'^ is a trisecant line to X if I 
does not lie on X and cuts X at (at least) three distinct points. 

The trisecant lines locus of X is then the closure in of the union of all the 
trisecant lines to X. 

A generic trisecant line to X passing through a generic point ^{q) of X can 
be directly seen on the linear system \Ip{d)\. Indeed, such a line corresponds 
to a pair of distinct points H := (7ri,7r2) in S such that the sublinear system 
of |Xp((i)| of curves containing P U IT U {g} is 1-irregular. We call such a pair 
n an associated pair to \Ip{d)\ at q. Note that, with our special definition of 
trisecant lines, an associated pair to |Ip((i)| at q defines a trisecant line to X 
at if and only if the three points $(</), <l>(7ri), $(7r2) are distinct on X. 

2.2 Linear systems of plane curves of given degree through fixed intersection 
cycles 

Let Di and D2 be two irreducible plane curves. Consider Q := Di n D2 the 0- 
scheme of intersection of these two curves. Let {pi, • • • ,Pm} be the support of 
Q . For every point Pi e SuppQ, let :— iJ,p^{Di, D2) denote the multiplicity 
of intersection of Di and D2 at the point pi. Then Q gives rise to the 0-cyclc 
of the plane i^-iPi, that we still denote by Q. We say that Q consists of 
distinct points if = 1 for alH = 1, • • • , m. The linear system of plane curves 
of degree d passing through the intersection cycle Q is P(i/'^(P^,XQ|p2((i))), 

where T^^^2 is the ideal sheaf defining the 0-scheme Q 'm.¥^.ll Q consists of 
distinct points, this linear system is just the linear system of curves of degree 
d passing through the pj's. 

Assume that Q does not consist of distinct points; we may assume that rij > 2 
ior i — 1, - ■ - k and rii — l otherwise. Suppose, for simplicity, that both curves 
Di and D2 are smooth. A plane curve C of degree d belongs to C if and only 

if it contains the 0-scheme Q = Di D D2. Let S^^^ denote the blow-up 

of P^ at {pi, ■ ■ ■ ,Pk}- For i = 1, ■ ■ ■ ,k, we define E^^^ to be (pi^iPi). Denote 
by Q*-^-* (rcsp. Di^^ and D^^) the strict transform of the scheme Q (rcsp. Di 
and D2) by (pi, then, Q^^^ is the 0-scheme of intersection on S^^^ of the curves 
D^^ and D^^ . We have, moreover 

<p^\Di) n <t>^\D2) - g(^) u Ei'^ u • • • u 

Thus, the strict transform C^^^ by 0i of the hnear system C is the system of 
curves of linearly equivalent to 

k 
i=l 
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and containing the 0-scheme Q^^^ . 

Recall that the multiplicity at a point p of an irreducible curve C lying on a 
surface is the sum of the multiplicities of infinitely near points of C of order 
1 over p (see [2, p.33]). Moreover, there is a point q e Supp{Q^^^) such that 
01(9) — Pi if ^-iid only if nj > 1. Since we have assumed that both Di and 
D2 are smooth, such a point q is unique, if it exists; we denote it by p\^\ The 
point p\^^ is an infinitely near point of order 1 over pi for both Di and D2. 
Let n^^^ := fj,^(i){D^\ If Q*^^) does not consist of distinct points, repeat 

the process of blowing-up the multiple points of the support of Q^^\ This 
process stops after a finite number of steps (see [25, theorem 4.2.5 ]). We get 
a sequence of blow-up maps 

such that the intersection cycle Q^'^ consists of distinct points and the strict 
transform by := (j!>i o • • • o 0; of the linear system C is the linear system of 
curves in 

k Tii — 1 

I0*(0p.(rf))-EE^P^I 

i=i j=i 

passing through the distinct points of Q^''\ Indeed, there are only rii — l cycles 
among Q^^\ • • • , Q^^^ whose support contains a point over p, for we have [2, 
p.33] 

x&A(pi) 

where A{pi) is the set of infinitely near points of both Di and D2 over p^. 
We can formally replace the cycle Q by the cycle of "distinct or infinitely 
near points" Y!l=i{Pi + YJj=i P^'')+YJlLk+\Pi- The linear system C is thus the 
linear system of curves of degree d passing through the proper distinct points 
Pi,- ■ ■Pm and the infinitely near points Pi , ■ ■ ■ ,p^i^ - ■ ■ -.Pk^-, • • • iPfc 
Of course, a similar analysis can be made to understand better the linear 
system C in case or D2 is singular. 

2.3 Standard irregularity estimation techniques 

Let = P^. Recall the standard geometric interpretation of the irregularity of 
pencils. Let |Xp((i)| be as in section 2.2. Suppose that |Xp((i)| contains a pencil, 
i.e.dimH^{Tp{d)) > 2. Suppose, moreover, that the linear system |Xp((i)| is 
complete and that all the multiplicities of P are equal to one. 

Any two distinct curves D and D' of the linear system |Xp(d)| meet in a 0- 
dimensional scheme. Let Q denote the cycle of intersection D ■ D' \ P. As 
D' varies in \Ip[d)\, the cycles Q fit into a linear series x(D, |Xp((i)|) on D, 
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called the characteristic series cut on D. A member of this series is said to be 
residual to P on D. 

Proposition 5 (Duality Theorem ) Let \Ip{d)\ be as above. Let D be a 
generic curve in \Ip{d)\ and Y e x(-D, \Ip{d)\). Denote by s the irregularity 
of \Xp{d)\. Then, s — (iimif°(P^,2'y|p2(d — 3)), where 2y|p2 is the ideal sheaf 

defining Y m . 

For a proof of this proposition see Griffiths and Harris' book [17, p. 713-716]. 

In order to estimate the irregularity of |Xp((i)|, we need to control the config- 
uration of the group of points residual to P with respect to the linear system. 
This is taken care of by the classical residuation theorem, which is a direct 
rewriting of Noether "AF+BG" theorem. We require the stronger version of 
it, which allows singular points in the intersection cycles. It can be found, for 
instance, in Walker's book on algebraic curves [29, theorem 7.2]. 

Proposition 6 (residuation theorem) Let Cn and Cm be plane curves of 
degree n and m. Using cycle notation, we write Cn • Cm — P + Q. Suppose 
that there are two integers Ui and n2 such that 711 + 77.2 > n and there exist 
two curves of degree rii and 712, respectively, such that: 

Cn\ ■ Cjn = P + P' and • C*^ = Q + Q' . 

Moreover assume that 

(1) either Cm is smooth at any point of the support of P + Q + Q' + P', 

(2) or, if n2 — (classical residuation theorem), that Cm is smooth at the points 

of Cm ■ Cn- 

Then there exists a curve of degree ni + n2 — n such that 

Cm ' Cni-\-n2—n — P '\~ Q ■ 

2.4 White and polygonal surfaces 
Let (/ > 5 be an integer. 

Definition 7 (White surfaces) Pick (^~^^^ distinct points P in the plane, 
not lying on any curve of degree d — 1; so the linear system \Xp{d)\ is complete 
and regular. The non- degenerate rational surface Sd it defines in ¥'^, is called 
a White surface (Gimigliano [15]). 
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We should stress that Gimigliano stiidics much more general White surfaces 
than the classical ones we are interested in. 

Definition 8 (polygonal surfaces) A simple way to construct points 
o/P^ not lying on any curve of degree (d—l) is to take the points of intersection 
of {d + 1) lines general enough. White surfaces obtained this way are called 
polygonal surfaces. 

Definition 9 (Segre polygonal surfaces) A Segre polygonal surface is a 
polygonal surface obtained by imposing that the {d+1) lines defining the polyg- 
onal surface are tangent to a fixed conic. 

We refer the reader to Gimigliano's paper [15] for general properties of White 
surfaces. We gather here the properties we need further on. 

Proposition 10 (Gimigliano [15]) Let be a White surface and P the 
points in used to construct Sd- Let P be the blow-up of the plane along P 
and (j) the map P ^ P*^ defined by \Ip{d)\. 

(i) If no d points of P are aligned, the map is an embedding, 
(a) Under the map 4>, a line I containing d of the points P is contracted to a 

{d — l)-fold point. Any two such lines have to meet in a point of P. 
(Hi) All the singularities of Sd are obtained by contraction of lines containing d 

base points. 

For a proof, see Gimigliano [15] and Dobler [9] . 

Dobler deduces the following result on trisecant lines to smooth White surfaces 
from Bauer's results on inner projections [1]. 

Proposition 11 (Dobler, [9] proposition 2.7 ) Let be a smooth White 
surface in P^ and q a generic point of . Then, there exists a trisecant line 
to passing through q. 

Dobler also proves the following results concerning the trisecant locus of polyg- 
onal surfaces. 

Proposition 12 (Dobler, [9] proposition 3.17) Among polygonal surfaces 
in P^, only the Segre polygonal surfaces have a 4- dimensional trisecant locus. 
In fact, for any non-Segre polygonal surface, there are at most finitely many 
trisecant lines to Sd. For a general polygonal surface there are none. 
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2.5 The variety parameterizing N -tuples of points special in degree d 

In this section we briefly sketch the results regarding the (generaUy non- 
irreducible) varieties Wjv[(^] that we will use later on; for further details, we 
refer the reader to Coppo's paper [7] and EUia and Peskine's paper [11]. 

Following EUia and Peskine, we call group of points a 0- dimensional scheme 
of P^. A group of points Z is special in degree d if H^{w'^,I^^p2(d)) ^ 0. The 
groups of points of degree N (called TV-tuples of points in Coppo's termi- 
nology) special in degree d are parameterized by a possibly non-irreducible 
subvariety, H/jv[d], of the Hilbert scheme Hilb^{F'^) of groups of points of 
length A^. 

Let Z be such a group of points. Choose a generic line / in P^, so that it 

avoids the support of Z. We may assume its equation is given by 2; = 0, where 
X, y, z are projective coordinates of the plane. Let us recall that the coordinate 
ring Az of a 0-dimensional scheme Z in has a graded A = C[x, y]-module 
structure, which has a A-module resolution of the form 

with no > ni • • • > Ug-i > s. These positive integers give a numerical 
invariant for Z introduced by Gruson and Peskine [18] , the numerical character 
x{Z) = {uq, ■ ■ ■ , ris-i)- The integer s, called the height of x(^), is the minimal 
degree of a plane curve containing Z. The index of specialty of Z, uq — 2, is 
the greatest integer n such that H^(Xz{n)) 7^ 0. For the moment, assume that 
the linear system |X2((i)| is complete. 

If Z is generic among the A^-tuples of points of character x(2'), the super- 
abundance of |Xz((i)| can be computed directly from x{^) by the following 
formula [7, §1.1] 

h\lz{d)) = Y^irii -d-l)+-{i-d- 1)+, 

i=0 

where (n)"*" is zero, if the integer n is negative, and n otherwise. 
Of course, the degree of Z can be recovered from x(^): 

s-l 

deg{Z) = degix) ■= -s-l. 

1=0 

The following proposition is useful to compute x from the geometry of the 
group of points Z. 
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Proposition 13 (Davis [8], Ellia-Peskine [11]) Letx= {no,-- - ,ns-i) be 

the numerical character of a group of points Z. Suppose that for some index 
1 < t < s — 1 we have rit-i > + 1. Then there exists a curve T of degree t 
such that, if 

(1) Z' is the group of points Z DT, 

(2) / = is the local equation ofT in A and 

(3) Z" is the residual group of points of Z' in Z with respect to T, 

we have Az" — fA and x{^") — ('^i) ^^^^ '^i — ''^t+i ~ t- 



3 Projection of a surface from a multisecant line 

Let H denote the class of hyperplanes in P^. Classically, we get geometric 
information on a surface X from the study of its double locus D by a generic 
projection to P^. If X is normal of degree d in P*" and Kx is its canonical 
divisor, then a well-known consequence of the theory of subadjoint systems is 
that the class of D in Pic{X) is {d - A)H - Kx ([27], [31]). 

We need to establish a similar formula for the double locus of the projection of 
a smooth surface X, if the center of projection is a multisecant line. This can 
be done by viewing this projection as a limit of regular projections, following 
a method that Pranchetta ([12], [5]) used to prove his famous theorem on the 
irreducibility of the double locus of a generic projection of a codimension two 
surface. 

Proposition 14 Let X be a smooth, non- degenerate, surface of degree d in 
P^. Assume, moreover, that I is a line in P^ cutting X along a 0-dimensional 
scheme of multiplicity 5. Let us consider the projection ttq of X to with 
center of projection I. Suppose that any plane containing I intersects X at 
most in a finite number of points. 

Then the class, in Pic{X), of the double locus D of n is given by 

D^{d-A-5)H - Kx. (2) 

We believe it is a classical result; although, we could not find any reference. 

PROOF. If the plane < q,l > meets X for all points q in \/, then 7ro(X) = 
P^. Therefore, we can find a plane 11 containing / such that H H X = I (1 X . 
First, let us construct a family of regular projections degenerating at ttq. 
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Consider the pencil V of lines contained in IT and passing through a given 
generic point po on I. Let be a generic point on /. Let A be a generic line 
meeting / at 0; then, A parameterizes the lines It of the pencil V. Let us denote 
by {pi, ■ • • the support of / fl X and by nii the multiplicity of intersection 
of I and X at the point pi. 

For t 7^ 0, the projection centers U do not meet X, so the projections Ht of 
X {t} onto X {t} define a rational map tt from the 3-fold X x A to 
T — 7r(X X A) in P^ x A, whose indeterminacy locus is {(pi, 0), . . . , [ps-, 0)}. 

Thus, the blow-up of X x A at the points 0), • • • , [ps-, 0), : A" — X x A, 
induces a regular map g fibered over A, which resolves the indeterminacy of 

TT. 

We have the following diagram: 




X X A- -^^J^ c p3 X A 




where h (resp. C,) denotes the projection to the second factor. For 1 < i < s, 
let Ei denote the exceptional divisor of X over (pi, 0). 

Since /i o is a morphism from X onto a 1-dimensional smooth base A, it is 
a flat morphism [19, III 9.7 p.257]. 

Its special fiber [h o 0)~^(O) is simply given by 

Xo^Xx {0} nti Ei 

where X denotes the blow-up of X a.t pi, ... ,Ps. Recall that the double locus 
D of the map g is defined on by the ideal sheaf of the conductor c := 
(0^: 5*(0Af)). 

Since g is a finite morphism, c is also an ideal sheaf over 0x, defining the double 
locus D' = g~^{D) of g on X, see for instance [27]. The second projection from 
onto A is a flat morphism, so the 0^^-sheaf 0A,t is locally free. If we tensor 
the previous exact sequence by this sheaf, we simply get the exact sequence 
defining the double locus Dt of the map gt, restriction of g to the fiber Xt. 
Thus, in each fiber Xt, the double locus D of g restricts to the double locus 
of gt. Since c is an invertible 0;t-Kiodule, {D'^) forms a fiat family of divisors 
over A. For t 0, Xt — X x {t} and gt — tt^, the class of D'^ in Pic{Xt) is 
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classically given by [27,?] 

D[ = {d- a)h; - K^^ 

where — gl{{(^*{H))\jr^), H being the class of hypcrplanes in P^. The divisor 
H^ is naturally the restriction of {g)*{C,*{H)\x) in Pic{X). 

Claim 15 For t ^ 0, we have K^t — Kx\xf 

PROOF. Since A" is a blow-up of X x A, we have Kx = 0*(i^xxA) + 
J2i=i Ei- Since, for all ^ = 1, . . . , s, we have Xt H Ei — 0, we find Kx\xt — 
4>t{E^xxA\xx{t})- Recall that 

Pic(X X A) ~ r)*(Pic(X)) e h*(Pic(A)) ~ rf{Pic{X)) h*{H^-L) 

where ry is the projection from X x A onto the first factor and H/^ stands for 
the class of points in Pic{A). Prom KxxA — il*{^x) + h*{—2H/s) we deduce 
thaX KxxA\xx{t} ^ 'n*{Kx)\xx{t}- ^ 

By [19, proposition 9.7 p. 258], the family (D^)^^^ has a unique fiat limit, so 
the double locus D' of on A* has class {d — A)H* — Kx- Finally, we must 
determine the double locus divisor of go\x^. Note that X x A is embedded in 
X A by the linear system H' — h*{Hx); so the hnear system defining g, is 
1 nT'iEil and go is defined by the restriction of this system to Xq. Since 
Kx, = roiKx X {0}) + ELi E,, we get D', = id- A)g*iHo) - cpliKx x {0}) - 
J2i=i Ei. Moreover, the restriction of\H' — J2 ^i-^i | to X x {0} embeds E^ as a 
plane in P^ x {0}. The curves — X (1 E^ ior 1 < i < s sit in the double locus 
of and are mapped by go to hyperplane sections of Tq. Thus, the restriction 
of the double locus of go to Xo can only differ from the double locus of go\x 
along the curves e^. Besides, the double locus of go\x is not supported along 
these curves. Therefore, the class of the double locus of the projection of X 
from I is given by the formula 

Md - A)gl{Ho) - 4>l{Kxx{0}) - E e. - gl{6H)). 

1=1 

□ 

Remcirk 16 Let S be a singular surface of P^, obtained as the image of P^ 
by a complete linear system of plane curves with assigned base points. If S 
satisfies all the hypothesis of the theorem but smoothness, a slight modification 
of the argument shows that the same formula holds for the double locus in the 
Picard group of P, the blow-up of P^ at the base points. 
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4 Existence of a trisecant line through a generic point of 6*5 

Following Gambier [13, p. 184-186], we extend Dobler's result on the existence 
of trisecant line to the case of singular White surfaces. We present Gambier's 
beautiful construction in modern language and show how to fill a few gaps. 

Theorem 17 (Gambier) Let P be a finite set of 15 distinct points in P^, 
such that P is not contained in any curve of degree 4. Pick a generic point q 
in P^. Then, there exists an associated pair U to \Ip{5)\ at q. 



PROOF. Let D be a generic curve of |Xp_|_q(5)|, so that D is smooth. Fix a 
pencil < D, D' > of curves in |Xp+q(5)|. Let Q denote the 0-scheme of length 
9 residual to P + g in the intersection cycle D ■ D' . Pick a basis D,Di, - ■ ■ , D4 
of the linear system |2p_|.q(5)| and choose D' generic in the linear subsystem 
< Di, • • • , D4 >, so that D' is smooth. 

An easy dimension count shows that the virtual dimension of the linear system 
of cubic curves passing through the cycle Q is non negative. 

Lemma 18 Let D and D' he as above, then there is a unique cubic curve 
passing through Q. 



PROOF. Suppose, to the contrary, that there is a pencil of cubic curves, 
< C, C >, passing through Q. We have only two cases to consider: 

(A) either those cubic curves are generically irreducible, 

(B) or there is a fixed line or a fixed conic in the pencil < C, C" >. 

Let us prove the lemma in case (A). First, assume that both cubic curves 
C and C are irreducible. We claim that these curves are smooth along the 
supporting points of Q. 

Let r be a point of support of the cycle Q. We have, by construction, 

^Xr{c,c')>^Ji,{D,D'), 

where /Ur(C, C) denotes the multiplicity of intersection of C and C at r. Since 
the two cubic curves are assumed irreducible, by summation of the previous 
inequalities, we get 

9> E l^r{C,C')> J2 fu{D,D') = 9, 

r&SuppQ rESuppQ 
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so for every r e SuppQ, we have 

/i^(C,C") = flr{D,D') > l^,{C)^lrC'. 



If r is not a multiple point of Q, the curves C and C are therefore smooth at 
the point r. 

Suppose, now, that r is a multiple point of Q. We have i-tr{C, C') — iJ,r{D, D'), 
so we get 

xeA{r) xeB{r) 

where A(r) (resp. B(r)) is the set of infinitely near points of both C and 

C (resp. D and D' ) over r. From the analysis made in section 2.2, wc find 
B{r) C A{r). Since D and D' are smooth, we find iir{D) = fir{D') = 1 and 
Hx{D) = fJ'xiD') = 1 for all x G B{r). Thus, from equation 3, we deduce that 
A{r) = B{r), /i^(C) = //,(C") = 1 and fi^iC) = i^^iC) = 1 for aU x G A{r). 
In particular, C and C are smooth at r. 

Since C and C" are smooth at the supporting points of Q, we may apply the 
residuation theorem for n = m = 3, ni = 5 and 77-2 = 0. We find that the 
cycle of length 6, V, residual to Q on D • C, is the complete intersection of 
C with some conic C2. Applying, now, the residuation theorem to V and Q 
with ni — 5, m = 5, n — 3 and 712 = 2, we deduce that P + q lies on a quartic 
curve. This contradicts our assumption on P. 

Only remains to prove the lemma in case (B). Either the pencil of cubics is 
the composite of a line / with a pencil of conies or a fixed conic Cq composed 
with a pencil of lines. Assume that we are in the first case and that the generic 
conic is irreducible, hence smooth. Thus, we can pick two smooth generators 
of the pencil: C2 and C2. Applying the residuation theorem as before with 
C2 U / as cubic curve and as conic, we get the same contradiction. The case 
of a fixed conic and a pencil of lines is similar. □ 

The following proposition and lemma are a key ingredient used by Gambler 
without a proof. 

Proposition 19 The cubic curves C , constructed this way, vary in a linear 
system as the quintics D' vary in |Xp_|_q(5)|. 

PROOF. It is enough to show that for any pencil V of quintic curves in 
|Xp+g(5)|, such that D ^ V, the family of cubic curves passing through the 
residual groups of points to |Xp+q(5)| on D vary in a rational pencil. [31, p. 
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25] As t varies in P-*^, the parameter space of the pencil V, the curves Vt of 
the pencil vary in a rational family T) over P^, sub- family of the trivial family 
p2 X pi pi. We have 



D C P^ X P^ 




where / (resp. g) is the projection onto the first factor (resp. the second 
factor) of P^ X P-*^; the map g is flat, since g is surjective and P^ is a smooth 
1-dimensional variety. Consider the family 

Q:=Vn{D x¥^)\ ({P + q}x P^) ^ P^ 

For t generic in P-^, both T>t and D are smooth; thus, by the previous lemma, 
there is a unique cubic curve Ct passing through the intersection cycle Qt- A 
bigraded free resolution of 0q as 0p2^pi -module is of the form 

> (B-=J*{0p2{-ni)) ® /(0pi(-mi)) ^ 0p2^pi ^ 02 ^ 0, 

for some non-negative integers k, and n^. Tensoring this resolution by 
^P^x{t}' ^® ^ presentation of Iq^ 

^ ©ii0p2(-rii) ^Xq, ^0. 

By lemma 18, (for t generic) there is an index io in {1, • • • ,k} such that 
?T.j„ = 3. Thus, there exist a non-negative integer n and a non-zero polynomial 
a of bidegree (3, n) whose vanishing locus contains the scheme Q. For t generic 
in P^, the curve (cr(t) = 0) is the unique cubic curve passing through the 0- 
scheme Qt- Since the plane curves of the family ((7 = 0) P^ have the same 
degree, hence the same Hilbert polynomial, g is flat. Thus, {a — 0) ^ P^ is a 
rational pencil. 

□ 



Let us choose a basis D, Di, ■ • • , D4 of |Xp_,_g(5)| ~ P^. As a consequence of 
the previous proposition, we get: 

Lemma 20 The characteristic series of |Tp+g(5)| defines an algebraic injec- 
tive morphism \1/ : P^ =< Di, ■ ■ ■ , D4 >— > P^ = |0p2(3)| which sends a curve 
C in < Di, ■ ■ ■ , > to the unique curve of degree 3 passing through the cycle 
{D-C)-{P + q). 
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PROOF. Only remains to prove the injectivity of ^. Suppose, to the con- 
trary, that there exist two quintics C and C" of the hnear system < Di, - ■ ■ , D4 >, 
defining the same cubic C3. We write 

C-D^P + q + R a^nd C'-D^P + q + R' 

D-C^ = R + V = R! + V'. 
It follows that R and R' contain at least 3 common points. 

Assume that R and R' contain exactly ?>-\-n common points IT. for < n < 9. 
The linear system |Xp+q_|_n| is therefore special. Let us write R = 11 + W and 
R' = U + W] we have V = W' + SQiidV' = W + S, where 5 is a (n - 3)- 
tuple of points. Pick Ho in 11 such that Ho + has length 6. By the duality 
theorem, W (resp. W) lies on some conic C2 (resp. C2). Finally, we apply the 
residuation theorem with n = 5,m = 3, ni = 5 and 712 = 2, to the curves 
D, C3, C and Thus, W + W + 2110 li^s on some conic Cg. Thus, we have 
C2 ■ D D W + W + 2110; this gives a contradiction, since D is irreducible and 
W + W' + 2no has length 12. □ 

We are now able to prove the theorem. The locus in = |0p2(3))| of this 
family of cubic curves is the image of P'^ x x P^ by the Segre embedding. 
This is a variety of codimension 3 in P^. Since ^ is injective, we may choose 
D' such that the unique cubic curve passing through Q, the group of points of 
D residual to P + q in D ■ D', is the union of 3 lines li, I2 and l^. Let T denote 
the triangle /i U /2 U /s. Let denote the group of points on Dt residual to Q 
in Dt ■ T, as Dt varies in the pencil < D, D' >. We can find to G P^ such that 
3 points of y*° lie on a hne, say h. 

Since D is irreducible, there are no more than 3 points of Vtg, counted with 
multiplicity on li. Indeed otherwise, there would not be a unique cubic curve 
passing through Q. As t tends to to, Dfh tends to a length 5 cycle, n+(V^Q -/i). 
Since 11 is a sub-cycle of Q, H belongs to the intersection cycle D ■ l^. 

It is worth noticing that 11 is necessarily a cycle of length 2, i.e., Vt^ ■ h has 
length 3. Note also that 11 consists of 2 distinct points. Otherwise, D is tangent 
to Zi at n, so this cycle 11 has to be supported at the point of intersection of 
li with I2 or ^3. But then, Q does not lie on a unique cubic curve. 

It follows from proposition 5 that |Xp_|_g_|_n(5)| is 1-irregular, provided it is 
complete. This system clearly cannot contain any base curve, since D is irre- 
ducible. The potential extra base points are in the cycle R — Q — H. li R is 
composed of 7 distinct points, it is clear that the irregularity of the system can 
be at most 2. Since the actual dimension of the system is at least 2, there can 
be at most 1 extra base point, r. Thus, the length 6 cycle R\r is supported 
on one of the lines I2 or Z3. Since D is irreducible, we get a contradiction. If R 
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is not reduced, it can at most have one non reduced point at hf^h- Since the 
curve D is irreducible, the hnear system |Xp_|_g_|_n(5)| imposes also a tangency 
condition at r along the line I2 (or l^). □ 

Remcirk 21 It follows from the previous proof, that S5 has no quadrisecant 
lines, if it is smooth. For the same reason, if S5 has excess of trisecant lines, 
a general trisecant line passing by a generic point is not a quadrisecant line. 



5 Applications of the existence theorem 

The existence theorem has an amusing consequence for the principal compo- 
nent of the subvariety VKi8(5) of the Hilbert scheme Hilbis{'i?'^). 

5. 1 The geometry of the generic point of VFig [5] 

The space of length 18 groups of points special in degree 5, M^i8[5], is known 
to be irreducible of expected dimension 32 [6, theorem 3.2.1], so it coincides 
with its principal component. We shall show that its generic point has the 
same numerical character as the projection by a generic trisecant line of the 
generic White surface in P^. 

Corollciry 22 The generic point o/W^i8[5] corresponds to a smooth uniform 
18-tuple of points, of numerical character 

X = (7,6,5,5,5); 
therefore, it doesn't lie on any curve of degree less or equal to 4. 

PROOF. Let = (5-|-eo, • • • , 5 + 64) be the character of the projection of a 
generic White surface S5 by a generic 3-secant line. We have J2 = 3. Since it 
corresponds to a 18-tuple of points special in degree 5, Uq > 7. If no > 7 or > 

6 for 2 > 0, we find h^{Xis{5)) > 2. Thus, we have = (7,6,5,5,5). Since 

is a uniform character, we find dim{x) = 32 = dim{Wis[5]) . Furthermore, 
we have H^^w C VFi8[5]. □ 

Coppo's bound [6] shows, in this particular case, that the generic point of 
iyi8[5] corresponds to a smooth uniform 18-tuple of points not lying on any 
conic. 
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5.2 The number ofS-secant lines passing through a generic point of S 

In 1882, H. Krey [20, p. 505 , for n 5] showed, using techniques combining 

excess intersection theory and correspondence methods, that, in degree 5, there 
are 6 associated pairs to Z, for Z a generic 16-tuple of points in the plane. In 
this section only, a trisecant line to S5 through a generic point p = ^{q) is a 
line |Xp+g+n(5)|^, where 11 is an associated pair to Xp(5) at q. That is to say, 
we allow improper trisecant hues (i.e.$(g) + $(7ri) + ^{112) does not consist of 
distinct points on S5). We prove that Krey's result still holds, if Z corresponds 
to the generic projection of any White surface from a generic point on it, 
assuming that ^5 has a finite number of trisecant lines passing by that point. 

Remcirk 23 In the case of a general polygonal surface, this seems to be in ap- 
parent contradiction with T.Dobler's result [9, proposition 3.17], which shows 
that there are no trisecant lines at all. But, the two results agree. Since a polyg- 
onal surface in has 6 singular i-fold points, the 6 trisecant lines through a 
generic point q that we construct in the next theorem are simply the 6 bise- 
cant lines joining q to a singular point of the surface. They are not counted by 
Dobler, for they are improper trisecant lines. 

Notice that all trisecant lines to 5*5 passing through a generic point are ob- 
tained by the construction of theorem 17. 

Theorem 24 Assume that, through a generic point p := $((/) of a White 
surface 6*5 in , there passes only a finite number of trisecant lines. Then, 
through p, there pass exactly 6 trisecant lines counted with multiplicity. 

PROOF. Let D and D' be two generic quintic curves in |Xp+g(5)|. Denote 
by {Dx) the pencil < D, D' >. From the construction of lemma 20, the cycle 
that Dx induces on D, R :— D ■ Dx, lies on a unique cubic curve E. If D' 
varies in |2p+q(5)|, the cubic curves E vary in a linear system of dimension 
at least 3, with no multiple base points. By Bertini's theorem, for a generic 
choice of D', E is smooth. 

We show that no points ol P -\- q he on E, i.e., the pencil Dx induces a base 
point free g\ on E. This follows from the fact that P -\-q imposes independent 
conditions on quartics. 

Lemma 25 The pencil {Dx) cuts out on E a base point free g\. 

PROOF. Indeed, suppose to the contrary, that the series Vx = {Dx ■ E)\ R 
has a base of length /. First notice that / < 6. Otherwise, applying the classical 
residuation theorem to D • E and D • Dx, we deduce that 10 of the points of 
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P + g lie on the same conic. By genericity assumption, one can assume that 10 
points of P lie on the same conic; so, P lies on a quartic, giving a contradiction. 

Let Vb denote the base of the series Vx. Note that V\Vb lies on some conic C2 . 
Let us apply the residuation theorem with m — 5, n — 3, rii — 5 and ^2 = 2; 
we get 



D-E^R + Vb + V and D-Dx^P + q + R^Vb + R + W 

D-C2 = V' + T. 

Wc find W + T = D ■ C4, for some quartic C4. Suppose that / = 1; then, 
the system of quartics passing through W is empty, since P + q imposes 
independent conditions. Thus, I >2. Notice that there is a pencil of conies C2 
passing through V. This pencil induces a hnear series on D and a family 
of quartic curves C4, resolving the residuation theorem. 

Suppose now that 1 = 2; there is a unique quartic passing through W, so T/^ is 
fixed on D. Thus, the pencil of conies has 10 fixed points containing 9 ahgned 
points. This line is then a fixed component of D, so I > 3. 

Suppose that / > 3; we have, at least, a (/ — l)-dimensional system of conies, 
passing through V and cutting out the series T^. Since P + q imposes inde- 
pendent conditions on quartics, this series is cut out by the — 2) -dimensional 
system of quartic curves passing through W. This leads to a contradiction, 
since D cannot be a component of any of those systems. 

Thus, the pencil (Dx) induces a base point free gl on E. □ 

Let Lq be the hypcrplane section divisor on E and L the divisor associated to 
this gl- We have an obvious morphism 

H°{E,0e{Lo)) X H\E,0e{L,)) ^ H'{E,Oe{L)), 

where Li = L — Lq. Its projectivization, x P^, factors through the 

Segre embedding of P^ x P^ in P^ and a regular projection. Its image is an 
hypersurface A of degree 6 in P^, which represents the divisors of |L| containing 
an aligned subscheme of length 3. Thus, the intersection of A with the fine 
Dx parameterizes trisecant lines to passing through q. □ 
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6 The projection of S5 by a generic trisecant 

In this section, we present Gambier's argument to show the finiteness of trise- 
cant hnes through a generic point of a White surface [13, p. 253-256]. Gambier 
assumes imphcitly that the triple curve 7 is irreducible; we show how to fill 
this gap. 

Theorem 26 (Gambier) The rational surface E, projection of from a 
generic trisecant line, has degree 7 and sectional genus 6. On T,, the double 
locus of the projection is in fact a triple locus. Moreover, the curve ^ is a 
twisted cubic. 



PROOF. Let g be a generic point of and 11 an associated pair to |Xp(5)| 
at q. Denote by Z the cycle F + g + IT and by P ^ the blowing up of at 
P -\- q + H. We denote by E the exceptional divisor of tt. 

Using Riemann-Roch's theorem, we find deg(E) = 25 — 18 = 7 and 7r(E) = 6. 
Only remains to prove that a generic hyperplane section of E contains 3 triple 
points of the projection to P^. 

A hyperplane section of E has degree 7, arithmetical genus 15 and geometrical 
genus 6, so it has either 9 double points or 3 triple points. We shall construct 
these triple points. First, to construct a generic hyperplane section h of E, pick 
a generic point s in P^. The hyperplane section h then corresponds to a curve 
D e |X2_|_3(5)|. According to Bertini's theorem, we may choose D smooth, 
hence irreducible. We write |Xz(5)| =< D,Di,- ■ ■ D3 >. By assumption, any 
Y e 1X^(5)1) lies on a unique conic curve. An argument similar to the 
proof of proposition 19 shows that the strict transforms by vr of these conies 
vary in a linear system A/" on P, as Y varies in the linear series cut out by 
D' e< Di, - ■■ D3 >. We find, as before, dim{X) = dim{< Di, • • • , D3 >) = 2. 

Denote by D the strict transform of D by tt and consider the scries J\f\ ^ cut 
on D by A/". Let C denote the invertible sheaf of 0p-modules 7r*(0p2(5)) — E. 
By construction, we have dimH^{C\f)) = dim{M\f)) + 1. Tensoring by C the 
exact sequence 

we find 

dimH^{C\D) = dimH^{C) - 1 =3 
dimH\j\f\D) = dimH\C) = 1. 

Thus, dimH^{Af\i)) = dimH^{C\i)) = 3 and, by Ricmann-Roch theorem, 

is a series of degree 7. The free part of is then a subseries of J\f\f), of the 

same dimension, 2. The two series are therefore equal. For any conic C2, we 
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have D ■ C2 = 10. So, M\i) has exactly 3 base points A,B and C, distinct 
or infinitely near. Since M is 2-dimensional, the conies of this system cannot 
have a fixed line component, so the support of the points B, C consist of at 
least 2 distinct points, say A and B. For the same reason, the points A, B, C, 
if distinct, are not aligned. 

We write D ■ L = A + B + X + X' + X" , where A, A' and A" are possibly infinitely 
near. 

Lemma 27 Let L be the line joining A and B; the three points A, A' and X" 
distinct or infinitely near are mapped by \ Iz{d) \ to a triple point of 12. 

PROOF. We only have to show that | Tz+\{^) \Q \ 2^z+a+a'+a"(5) |. Let r be 
any point of the plane. If | Tz+r I contains a pencil, it is complete, since a 
linear space of conies with fixed points, is at most 1-dimensional. 

Suppose that A is an ordinary point of the plane. Let D' be a generic curve of 
|2z+a(5)|. By the previous remark, D' does not contain any of the points A, 
B or C. The cycle Y := {D' ■ D)\Z lies on a unique conic C2. Since C belongs 
to J\f, the strict transform of this conic C2 passes through A, B and C. Thus, 
the conic curve C2 is the union of two fines L and I, whose strict transforms 
pass through C. By unicity of the conic C2, two points of Y must lie on L. 
Thus, I Iz+x{5) H Iz+x+x'+x"{5) |. □ 

By taking for L the associated fine and by working in the blow-up of at 5, 
the same proof works, if C is infinitely near to B. □ 

Remark 28 

(1) Using Riemann-Roch's theorem on H it is not hard to see that A, B 
and C are in fact the base points of H . 

(2) The surfaces of of degree 2n + 3, passing n times through a given 
twisted cubic, have been studied by Gerard[14]- For n = 2, we obtain 
another geometric construction of White surfaces, or more precisely, of 
their projections to P^ from a trisecant line. 

We have the following improvement of Dobler's result: 

Theorem 29 The only White surface with a A:- dimensional trisecant line lo- 
cus is a Segre polygonal White surface. 

PROOF. Let ^ ^ p2 denote the blow-up of P^ at Z for Z = P + g + H. By 
remark 21, we may assume that a generic trisecant line is not a quadrisecant 
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line. The only hypothesis of proposition 14 that we still need to check, is that 
no plane curves are contracted by the projection from a trisecant line passing 
through a generic point of S5. 

Lemma 30 // the White surface has an excess of trisecant lines, its pro- 
jection to from a generic trisecant line does not contract any plane curve. 

PROOF. Let (j)s^ (resp. ^s) denote the rational map associated to the linear 

system |Xp(5)| (resp. |Xz(5)|). Let / :=< (ps^iq), (j)S5i'^i)As5i'^2) >■ Let tti 
denote the projection map from the trisecant line /, and E the image of Sr, by 
TT;. The surface S is the image of by the rational map 0s- 

Assume, to the contrary, that there exists C, a curve on which is contracted 
to a point x of E by the projection tt/. The curve C lies in the 2-plane < l,x >. 

(A) We may therefore assume that C is the 1-dimensional part of the inter- 
section S^f] <l,x >. 

We have deg{C) < length{l fl 5*5) = 3. The rational map (ps^ is birational; let 
C denote the plane curve ^^^l^*)- Then, the class of its strict transform C by 
TT, is given by 

[C] ■ {5n*L -Y.E.) = 0, (4) 

in Pic{S). Furthermore, if ri and r2 are two points of the curve C, we have 
|Xzu{ri}(5)| = |22u{r2}(5)|, since the points ri and r2 are both mapped to 

X := (t>^{C) = TT^C) e E. 

So, the curve C must be a fixed component of the linear system of quintic 
curves passing through ri and Z. From this follows that the degree of C must 
be strictly less than 5. 

We find [C] = d'K*L — Yl,z^z' ^z, where 0? < 5 and Z' is a subset of Z. 

From equation (4) we get that the cardinahty of Z' equals 5deg{C). We denote 
by P' the subset of P contained in Z'. We get deg{C) — 5d — length(P'). We 
conclude with a case by case study. 

The case d — A cannot happen since Z has only 18 points. If c? = 3, then C 
passes through at least 12 points of P. Any 11 points in P' do not lie on any 

conic, for then P would lie on a quartic curve. Hence, there is a unique cubic 
through those 11 points. We can assume that q doesn't belong to that cubic, 
since g is a generic point of the plane. Therefore, Z' contains at least 13 points 
of P, so that P lies on a quartic curve. 
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Therefore we have d <2. 

U d = 1, then the hne C passes through 5 of the base points Z; so P' consists 
of at least 2 points. By genericity assumption, we can assume that q doesn't 
he on this hne through P'. Thus, either C is a conic and C is a hne through 
3 points of P and the associated pair {7ri,7r2} to g or C is a hne and C is a 
hne through 4 points of P and only one point of the associated pair to q. 

Suppose that d — 2; from equation (4), we deduce that C is a conic passing 
through 10 points of Z, among which 7 at least belong to P. Since no 6 points 
of P can be aligned, unless P lies on a quartic curve, we deduce that this 
conic curve C through P' is unique. By genericity assumption, we may again 
assume that q does not lie on C. Then, either C is a conic and C is a conic 
through 8 points of P and the associated pair to g or C is a hne and C is a 
conic through 9 points of P and a single point of the associated pair to q. 

Therefore, C is either a conic or a line not passing through 055(5). Suppose 
that for q generic in the plane and a generic trisecant line to 5*5 through q, 
there is a conic C contracted by / to a point on S. Then, C is either a line 
through 3 points of P or a conic through 8 points of P. Since there is a finite 
number of such curves, as q varies on S5 there is a finite number of conies 
C. From assumption (A) , S5 is the union of a finite number of 1-dimensional 
schemes. This gives an obvious contradiction. 

Suppose now that for q generic in the plane, and I a generic trisecant line to 6*5, 
there is a 2-plane containing 1 meeting along a 1-dimensional locus, C{q, I) 
and a finite number of points, such that C{q, I) is a line (not passing through 
q). The curve C{q,l), corresponds in the plane to a curve C{q,l), which is 
either a line through 4 of the base points P or a conic through 9 of the base 
points P. Since there is a finite number of such curves, there is a finite number 
of curves C(g, /) as q and / vary. Let us fix q generic on 6*5, by assumption there 
are infinitely many trisecant lines to through q. Therefore, there exists a 
trisecant line Iq to <S'5 through q such that C{q,lo) meets an infinite number 
of trisecant lines to S5 through q. A line joining a generic point (pSsiT^i) of 
C{q,lo) to q is thus a trisecant line to 6*5, so it meets 5*5 at another point. 
This third point, 0Sg(7r2), varies in a curve as ^^^(Tri) varies on C{q, Iq). From 
assumption (A), we find deg{C{q,lQ)) > 1. This gives a contradiction. □ 

The class of the triple locus of the projection in Pic{S) is therefore 

18 
i=l 

where H* is the pull back to P of the divisor of lines in and is the 
exceptional divisor over the point pj. The curve 7 is therefore the birational 
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transform of a plane curve of degree 9 passing twice through {P + q + U), 
which we still denote by 7. 

Lemma 31 If S5 has a A:- dimensional trisecant locus, the curve 7 contains a 
line joining the points ofU, some associated pair to P + q in degree 5. 

PROOF. Suppose that has an excess of trisecant hues. Consider two pairs, 
n and n', associated to |2^p(5)| at q. The points of 11' are mapped to the same 
point of E, so the linear system |X2+n'(5)| is not complete. By construction, 
any extra base point, uj, of |X2+n'(5)| lies on the line < 11' >. Since we can 
exchange 11 and 11', an extra base point, a;, must lie at the intersection of 
< n > and < n' >. Thus, has only a finite number of trisecant lines 
passing through our generic point, unless < 11 > is contained in 7. 

Assume that by a generic point of ^5 there pass infinitely many trisecant 
lines. Then this is true at any point of the surface. Since we can exchange the 
roles of q, tti and 7^2, the curve 7 is the union of 3 lines with a sextic curve, 
contracted to a single point on S. Thus, P, the double points of 7 belong 
to this sextic, which is thus the union of 6 lines, meeting two by two at P. 
Therefore, the White surface ^5, we started with, was a polygonal surface. 
According to Dobler's thesis [9, proposition 3.17], it is of Segre type. □ 



Acknowledgements 

This work grew out of precious geometric discussions I had with Professor 
Henry Pinkham, during my Ph.D. studies at Columbia University and further 
stays in New York; I thank him for his kind support, during these years. 



References 

[1] I. Bauer, Inner projections of algebraic surfaces: a finiteness result, J. fiir die 
reine angew. Math. 460, 1-13, 1995. 

[2] A. Beauville, Surfaces algebriques complexes, Asterisque 54, Societe 
Mathematique de Prance, 1978. 

[3] E. Bertini, Introduzione alia geometria proiettiva degli iperspazi, E.Spoerri, Pisa 
1907. 

[4] A. Conte and A. Verra, Reye constructions for nodal Enriques surfaces, Trans. 
Amer. Math. Soc. 336 no 1, 79-100, 1993. 



24 



[5] C. Ciliberto, Notes on Pranchetta's theorem, unpublished notes. 

[6] J.L. Coolidge, A treatise on algebraic plane curves, Oxford U. Press, 1924. 

[7] M.-A. Coppo, Families maximales de systemes de points surabondants dans P^, 
Math. Ann. 291, 725-735, 1991. 

[8] E. Davis, {)- dimensional subschemes of P'^ : new applications of Castelnuovo's 
function, Ann. Univ. Ferrara, Sez.VII, So Mat., vol XXXII, 93-107, 1986. 

[9] T. Dobler, Trisecant lines to Projective surfaces, Ph.D. Thesis, Columbia 
University, 1996. 

[10] I. Dolgachev and I. Reider, On rank 2 vector bundles with c\ = 10 and C2 = 3 
on Enriques surfaces, in Algebraic Geometry (Chicago,IL 1989), Lect. Notes in 
Math. 1479, Springer V., 39-49, 1991. 

[11] Ph. Ellia and Ch. Peskine, Groupes de points de F'^ :caractere et position 
uniforme, in Algebraic Geometry, Proc. I'Aquila 1988, Lecture Notes in Math. 
1417, Springer V. , 111-116, 1990. 

[12] A. Franchetta, Sulla curva doppia della proiezione di una superficie generale 
dell'Si , da un punto generico su un S^. Rend. Sc.fiz. mat. e nat. Ac. Lincei, vol 
II, (8),2, 276-279, 1947. 

[13] B. Gambler, Systeme lineaire de courbes algebriques de degre donne admettant 
un groupe donne de points de base, Annales de 1' ENS, (3), 41, 1924. 

[14] J. Gerard, Sur certains systemes lineaires surabondants de courbes planes. Bull. 
Soc. Royale Sci. de Liege,13, 16-19, 1944. 

[15] A. Gimigliano, On Veronesean surfaces, Indag. Math. 92, 71-85, 1989. 

[16] V.A. Greenberg, A Castelnuovo bound for projective varieties admitting a stable 
linear projection onto a hypersurface, Ph.D. thesis, Columbia University 1987. 

[17] Ph. Griffiths and J. Harris, Principles of algebraic geometry, J.Wiley, 1971. 

[18] L. Gruson and Ch. Peskine, Genre des courbes de I'espace projectif. Lecture 
notes in Math. 687, Springer V., 31-59, 1978. 

[19] R. Hartshorne, Algebraic geometry. Graduate Text in Math. , Springer V. 1971. 

[20] H. Krey, Uber Systeme von Gleichungen mit gewissen Besonderheiten, Math. 
Annalen, 497-516, 1882. 

[21] S. Kwak, Generic projections, the equations defining projective varieties and 
Castelnuovo regularity, Math.Z. 234, No.3 , 413-434, 2000. 

[22] R. Lazarsfeld, A sharp Castelnuovo bound for smooth surfaces, Duke Mat. J. 
55, 423-429, 1987. 

[23] J.N. Mather, Stable map-germs and algebraic geometry. Manifolds- Amsterdam, 
Lecture Notes in Math. No 197, Heidelberg, 176-193, 1971. 



25 



[24] J.N. Mather, Generic projections, Annals of Math. 98, 226-245, 1973. 

[25] M. Namba, Geometry of projective algebraic curves, Pure and Applied 
Mathematics, Marcel Dekker, 1984. 

[26] H. Pinkham, A Castelnuovo bound for smooth surfaces, Inv. Math. 83, 321-332, 
1981. 

[27] J. Roberts, Hypersurfaces with nonsingular normalization and their double loci, 
Jour, of Alg., 53, 253-257,1978. 

[28] C. Segre, Le curve piane d'ordine n circoscritte ad un {n+l)-lattero completo di 
tangenti ad una conica, ed un classe particolare di superficie con doppio systema 
coniugato di coni circoscritti, Atti R. Acc. Torino LIX, 1-11, 1924. 

[29] Walker, Algebraic curves, Princeton Univ. Press, 1950. 

[30] F.P. White, On certain nets of plane curves, Proc. Cambridge Phil. Soc. ,XXII, 
1-11, 1924. 

[31] O.Zariski, Algebraic surfaces, Ergebnisse der Mathematik und ihrer 
Grenzgebiete, Band III, Heft 5, Springer V., 1935. 



26 



